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Abstract
Hyperbolic utility discounting has emerged as a leading alternative to exponential
discounting because it can explain time-inconsistent behaviors. Intuitively, hyper-
bolic discounting should play a crucial role in intergenerational models character-
ized by intertemporal trade-offs. In this paper, we incorporate hyperbolic
discounting into a dynamic model in which parents are altruistic towards their
children. Agents live for four periods and choose levels of consumption, fertility,
investment in their children’s human capital, and bequests to maximize discounted
utility. In the steady state, hyperbolic discounting decreases fertility, increases
human capital investment, and shifts consumption towards younger ages. These
effects are more pronounced in the time-consistent problem (in which agents cannot
commit to a course of action) than in the commitment problem, which can be
interpreted as realized and intended actions, respectively. The preference-based
discrepancy between intended fertility and realized fertility has important implica-
tions for the empirical literature that compares the two.
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1 Introduction

Since Samuelson (1937) introduced exponential utility discounting, economists have
widely accepted it as a positive description of intertemporal behavior. Its popularity is
mostly due to the mathematical convenience of assuming a constant discounting rate.
However, Samuelson himself was well aware of the inconsistency between this model
and empirical evidence. He noted that exponential discounting leads to time-consistent
behavior, namely that given perfect foresight of external events, people would have no
incentive to change their plan when the future comes. As counterexamples, he pointed
to the existence of irrevocable trusts and compulsory saving measures, which are tools
designed to prevent the future self from changing the current plan.

Hyperbolic discounting has emerged as a leading alternative to exponential discounting
(Phelps and Pollak 1968; Laibson 1997; O’Donoghue and Rabin 1999). Instead of
assuming a constant discounting rate as in exponential discounting, hyperbolic
discounting assumes that the discount rate decreases over time. Empirical evidence
strongly favors hyperbolic discounting over exponential discounting: experiments and
meta-analyses find lower discount rates over longer time horizons; studies reliably
reproduce time-inconsistent behavior in laboratory settings; and modeling exercises show
that hyperbolic discounting functions fit data better than exponential discounting (see the
review paper by Frederick et al. 2002). Hyperbolic discounting has been used to explain
saving (Laibson 1997; Diamond and Köszegi 2003; Cao and Werning 2018), addiction
(Gruber and Köszegi 2001), health decisions (Ikeda et al. 2010; van der Pol and Cairns
2002), and so on.

This paper studies the effects of hyperbolic discounting on fertility, human capital
investment, and bequests in a dynamic model with overlapping generations and four
periods for each generation. Intuitively, time preference should play a critical role in the
intergenerational process because many parental decisions involve intertemporal trade-
offs. For human capital investment, parents have to exchange current resources for
returns to children’s human capital later on. For bequests, parents have to save for
children’s future consumption and investment. And most importantly, the fertility
decision sets all the above in motion. However, the effects of hyperbolic discounting
in intergenerational decisions have not received sufficient attention.

To our best knowledge, Wrede (2011) and Wigniolle (2013) are the only studies that
investigate the effect of hyperbolic discounting on fertility. In Wrede (2011), parents
only derive utility from consumption and the number of children; in Wigniolle (2013),
parents have no access to a capital market. Furthermore, both papers use Becker and
Lewis’ (1973) static formulation in which parents care about the number and the quality
of children. Under this setting, parents can only affect children through fertility and
investments in child quality. Other parent-children interactions, such as bequests, are
not permitted because they do not contribute to child quality.

This paper incorporates hyperbolic discounting into Becker and Barro’s (1988)
reformulated theory of fertility with altruism toward children (we call this the altruism
model). Here, “altruism” means that parents’ utility function includes children’s utility.
The altruism model can naturally incorporate complex parent-children interactions
since all children’s utility determinants also affect parents’ utility maximization. More-
over, by using a utility function that iterates through generations, the altruism model is
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a dynamic model rather than a static one like that introduced by Becker and Lewis
(1973) and adopted by Wrede (2011) and Wigniolle (2013).

We extend the existing literature on fertility with hyperbolic discounting by building
a richer model that considers fertility, investment in human capital, saving and bor-
rowing, and bequests. Also, with a dynamic model, we can derive steady-state results
that match long-term outcomes, such as cross-country differences. Becker and Barro’s
(1988) model shows that steady-state fertility is determined by a few fundamental
factors, including the altruism function and the interest rate. Our extension spells out
the effects of another fundamental factor, the hyperbolic discounting rate, on steady-
state fertility, human capital investment, bequests, and consumption.

We find that, in the steady state, hyperbolic discounting decreases fertility, increases
the investment in human capital, and increases the share of lifetime consumption by the
young agent. The effect of hyperbolic discounting on bequests depends on parameter
values. Furthermore, hyperbolic discounting has stronger effects when the agent cannot
commit to a plan and has to make decisions based on her future self’s behavior.

As hyperbolic discounting measurements accumulate, our model’s predictions are
testable. If true, the change in fertility plan caused by hyperbolic discounting would
have important practical implications. For example, hyperbolic discounting can explain
lower-than-intended fertility rates for European and US women (Beaujouan and
Berghammer 2019). Also, the empirical literature compares women’s intended and
realized fertility rates to quantify the effects of fertility determinants, such as fertility
demand (Pritchett 1994; Günther and Harttgen 2016) and spouses’ differential
fertility desires (Thomson et al. 1990; Doepke and Tertilt 2018). Preference-based
changes in fertility plan, if not controlled for, would be confounded with fertility
determinants suggested by these studies.

The paper is organized as follows. Section 2 sets up the general model. Section 3
presents theoretical results without functional form assumptions in subsection 3.1 and
those with functional form assumptions in subsection 3.2. Section 4 concludes and
discusses the links between this study and the empirical literature.

2 The model

A family is assumed to include only one parent and her children. An agent lives for four
periods: childhood, youth, middle-age, and old-age. In childhood (period zero), the
agent receives human capital investment from her parent but does not make any
decisions. Since children are not autonomous in period zero, we follow Galor and
Zeira (1993) and assume that children in period zero have no consumption.

When the agent is young (period one), she receives a bequest from her parent and
makes consumption decisions. At middle-age (period two), she makes decisions on
consumption, fertility, and human capital investment in her children. In this period, her
children are born and start childhood. When old (period three), the agent retires (stops
making an income) and makes consumption and bequest decisions. In all periods,
income not used in consumption or expenditures on children becomes saving. All
children are assumed to be identical. We also assume that children’s discounted lifetime
utility in period one (period three for the parent) enters the parent’s utility function.
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In our model, the decisions of fertility and human capital investment are both made
in period two. This assumption cannot be relaxed easily in our model: if the parent
decides on fertility in period one, then the agent cannot change her fertility plan
and hyperbolic discounting would not manifest in fertility behaviors.1 If human capital
investment were to be postponed to parent’s period three, it would be indistinguishable
from the bequest. To solve the above dilemma, one could use a five-period model,
which would be difficult to solve and interpret. However, we will discuss the likely
results from a model with human capital investment after fertility decision.

The agent’s problem is to choose consumption levels in periods one to three, fertility
and the human capital investment in period two, and the bequest in period three to
maximize her discounted lifetime utility. The agent’s external income comes from
wage labor. The wage in period one is h(e) where e is the human capital, with h′(e) > 0
and h′′(e) < 0. The wage in period two is (1 + g)h(e), where g is the exogenous wage
growth rate, reflecting human capital growth from work experience.

By assuming exogenous wage and wage growth, we abstract from macroeconomic
feedback and focus the analysis on the family. At any given period, the agent’s utility
(value function) is the sum of her current utility from consumption, her discounted
utilities from consumption in future periods, and the discounted utility from children.
The value function of an agent in period t is denoted by Vt(e, n, at) where e, n, and at are
the agent’s received human capital investment, the number of children, and the wealth at
the beginning of period t. In period one, an agent’s wealth equals her received bequest
(b). The corresponding variables for the next generation are e′, a

0
t, and b′. We assume

that agents follow hyperbolic utility discounting with the quasi-hyperbolic specification

(Laibson 1997). At time t, the discount rate for utility at time t′ is βδt
0−t with β (0 ≤ β ≤ 1)

being the hyperbolic parameter and δ (0 ≤ δ ≤ 1) being the time discounting rate.
Exponential discounting is a special case of hyperbolic discounting when β = 1. The
following Bellman equations represent discounted utility in the three periods:

Period one:

V1 e; bð Þ ¼ maxc1;c2;c3;n;e0;b0 u c1ð Þ þ βδu c2ð Þ þ βδ2u c3ð Þ þ βδ2Φ nð ÞV1 e0; b0ð Þ� �ð1Þ
Period two:

V2 e; a2ð Þ ¼ maxc2;c3;n;e0 ;b0 u c2ð Þ þ βδu c3ð Þ þ βδΦ nð ÞV1 e0; b0ð Þf g ð2Þ

Period three:

V3 e
0
; n; a3

� �
¼ maxc3;b0 u c3ð Þ þ Φ nð ÞV1 e0; b0ð Þf g ð3Þ

where u(c) > 0, ∀ c > 0.

1 It is relatively easier to place the education decision after the fertility decision is a static model, such as that in
Nakagawa et al. (forthcoming).
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The altruism function Φ(n) satisfies the following conditions:

Φ 0ð Þ ¼ 0;Φ
0
nð Þ > 0;Φ′′ nð Þ < 0; limn→0Φ

0
nð Þ ¼ þ∞; limn→þ∞Φ

0
nð Þ ¼ 0:

Children enter parent’s utility function as the product of the lifetime utility for each
child V1(e′, b′) and an altruism function Φ(n) for n children. The assumptions on the
properties of Φ(n) are satisfied in the Beckerian model (Becker and Barro 1988) where

Φ(n) =αn1 − ϵ, α > 0, and 0 < ϵ < 1. The assumptions of u(c) > 0 and limn→0Φ
0
nð Þ ¼ þ

∞ together exclude childlessness as an optimal solution: the utility from children is
always positive, and the marginal utility of having children is positive infinity when the
parent is childless.

Suppose an agent can commit to her decisions or not foresee her future
self’s time preference. In that case, she will make decisions for all periods to
maximize her discounted utility in the first period (Eq. (1)). We refer to this
optimization problem as the commitment problem. With hyperbolic discounting,
the agent will change her first-period optimal plans without effective commit-
ment tools. Assuming the existence of a credit market, the budget constraint in
the commitment problem is:

c1 þ c2
R
þ c3

R2 ¼ h eð Þ þ bþ 1þ gð Þh eð Þ 1−nxð Þ−ne0

R
−
nb

0

R2 ð4Þ

The consumption in period t is ct. The gross interest rate is R. The expenditures on
children have three components. The first component is the time cost (1 +
g)h(e)nx, which only depends on the number of children, and the portion of a
parent’s time used to raise one child x (0 ≤ x ≤ 1). We assume that this cost is fixed
for each child, making x an exogenous parameter. The second component ne′ is
the monetary cost for acquiring children’s human capital. The unit of human
capital is chosen such that the price for human capital is one. Consequently, a
child’s human capital equals the human capital investment she receives from her
parent. The third component nb′ is the bequest.

Without commitment tools, a sophisticated agent would make decisions such that
her future self will not change the plan. We call this optimization problem the time-
consistent problem. Assuming the existence of a credit market, the budget constrains in
the time-consistent problem are:

Period one : c1 ¼ h eð Þ þ b−
a2
R

Period two : c2 ¼ a2 þ 1þ gð Þh eð Þ 1−nxð Þ−ne0
−
a3
R

Period three : c3 ¼ a3−nb0

In the first two periods, the agent will maximize her utility in each period (Eqs. (1) and
(2), respectively) while treating her decisions in the following period as given. In each
period, the budget constraint equates parent’s consumption (c1, c2, and c3 for the three
periods respectively) with the resources available (h(e) + b, a2 + (1 + g)h(e), and a3)
minus expenses on children (0, (1 + g)h(e)nx + ne′, and nb′) and savings (a2R ,

a3
R , and 0).
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3 Results

In this section, we first present results that can be derived without specific functional
form assumptions in subsection 3.1 and then present more additional results with
functional form assumptions in subsection 3.2.

3.1 Model solution without functional form assumptions

The steady-state solutions and value functions are marked by superscripts c and t
respectively in the commitment problem and the time-consistent problem. All proofs
are in the Appendix.

Proposition 1. In the commitment problem, the steady-state fertility is determined by
the following equation:

βδ2R2 Φ ncð Þ
nc

¼ 1 ð5Þ

Proposition 2. In the time-consistent problem, the steady-state fertility is determined by
the following equation:

βδRð Þ2 Φ ntð Þ
nt

¼ 1 ð6Þ

Propositions 1 and 2 show that, in both the commitment and time-consistent
problems, three fundamental factors determine the steady-state fertility: the hy-
perbolic discounting rate β, the time discounting rate δ, and the interest rate R.
Intuitively, the steady-state fertility decreases with β and δ because the future
utility from children will be more heavily discounted if β and δ are smaller. Since
the parent has to save for expenditures on children, the higher the interest rate, the
lower the real cost of children. Fertility in the steady state is independent of wages
and wage growth rate, echoing Becker and Barro (1988). The absence of wages
and wage growth rate in the steady-state fertility is because time cost, which is
proportional to wages, is the only fixed cost for each child. Therefore, the price
effect of wages and wage growth on fertility balances out the income effect (see
Jones et al. (2010) for a discussion of this result in the Beckerian model without
hyperbolic discounting).

The altruism function Φ(n) increases fertility in both problems, as expected. How-
ever, fertility does not depend on the utility function for consumption (u(c)) in either of
the two problems. In the steady state of a dynamic problem, u(c) would appear in both
parent’s consumption utility and the utility from children. A change in u(c) has
competing effects: for example, an increase in the utility from consumption would
increase consumption and decrease fertility; at the same time, the utility from children
would also increase, which leads to higher fertility. Propositions 1 and 2 show that the
two effects cancel out in the steady state of this problem.
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Proposition 3. In both the commitment problem and time-consistent problem, the
steady-state human capital is determined by the following equation:

h0 eð Þ ¼ R2

Rþ 1þ gð Þ 1−nxð Þ ð7Þ

Since h ′ (e) decreases with e, factors that increase the RHS of the above equation
decrease e. Proposition 3 shows that the human capital investment has a negative
relationship with the number of children, reflecting the quantity-quality trade-off.
As a result, the steady-state human capital increases with the hyperbolic
discounting parameter β and the time discount parameter δ, and decreases with
the interest rate R, all of which act through n. Also, human capital investment
increases with the return to human capital h ′ (e) and wage growth rate g, as
expected.

When β = 1, the commitment problem and time-consistent problem degenerate to
the same exponential discounting problem. Let ne and ee denote the steady-state fertility
and human capital in the exponential discounting problem. The following proposition
describes the relationships between steady-state fertility and human capital in the three
problems.

Proposition 4. In the steady state, ne > nc > nt and ee < ec < et.
Proposition 4 states that hyperbolic discounting reduces fertility and increases

human capital investment in both the commitment problem and time-consistent
problem. The results on fertility are similar to those from Wrede (2011) when
children are investment goods. However, Wrede (2011) only models the number
of children. Using a static three-period model, Wigniolle (2013), using a model
without a capital market, also shows that hyperbolic discounting reduces fertility
in interior solutions. Different from these two studies, our model is dynamic and
provides steady-state results.

Proposition 4 also tells us that, in the steady state, fertility is lower in the time-
consistent problem than in the commitment problem. The difference is positively
related to β. In the time-consistent problem, the parent in period one anticipates
herself in period two to discount children’s utility, which is in period three, by an
additional factor of β. Therefore, she has to choose a lower fertility to maintain
time consistency. Since e is inversely related to n, the inequalities are reversed for
human capital. A sophisticated parent would prevent time-inconsistent behavior
by lowering fertility level; at the same time, she would increase human capital
investment accordingly.

3.2 Model solution with functional form assumptions

To explore the effects of hyperbolic discounting on consumption and bequests and
obtain closed-form solutions for fertility and human capital in the steady state, we
assume the functional forms for utility and wage functions to be:
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u cð Þ ¼ c1−γ

1−γ
;Φ nð Þ ¼ n1−ϵ

1−ϵ
; h eð Þ ¼ eσ;with 0 < γ; ϵ;σ

< 1; γ≠ϵ;R≠
1−ϵ
βδ

� � 1
1−ϵ

; and R≠
1−ϵ
βδ2

� � 1
2−2ϵ

:

The last three inequalities prevent dividing by zero.

Proposition 5. With the functional form assumptions above, the steady-state fertility
rates in the two problems have the following relationships:

nt ¼ ncβ
1
ϵ ; or log ntð Þ ¼ log ncð Þ þ 1

ϵ
log βð Þ:

The relationships above can be matched to empirical data if we assume that nc and nt

represent intended and realized fertility, respectively. The first equation indicates that

the ratio between realized and intended fertility identifies β
1
ϵ. If β is available, one can

use regression to estimate ϵ from the second equation and vice versa.

Proposition 6. With the above utility, altruism, and wage functions, the steady-state
consumption levels in three periods of the commitment problem are
cc1 ¼ α1Ic; cc2 ¼ α2Ic, and cc3 ¼ α3Ic where

α1 ¼ 1= 1þ βδRð Þ1γR−1 þ βδ2R2
� 	1

γR−2
h i

α2 ¼ 1= R−1 þ βδRð Þ−1
γ þ δRð Þ1

γR−2
h i

α3 ¼ 1= R−2 þ βδ2R2
� 	−1

γ þ δRð Þ−1
γR−1

h i
Ic ¼ 1−γ

γ−ϵ
1þ gð Þ ecð ÞσxRþ ecR− ecð Þσ− 1þ gð Þ ecð Þσ

R


 �

with α1, α2, and α3 being the shares of discounted lifetime consumption Ic consumed in
each period in the commitment problem.

Proposition 7. With the above utility, altruism, and wage functions, the steady-state
consumption levels in three periods of the time-consistent problem are ct1 ¼ μ1I

t; ct2
¼ μ2I

t; ct3 ¼ μ3I
t where

μ1 ¼ 1= 1þ βδRð Þ1
γR−1 þ βδRð Þ2γR−2

h i
μ2 ¼ 1= R−1 þ βδRð Þ−1

γ þ βδRð Þ1
γR−2

h i
μ3 ¼ 1= R−2 þ βδRð Þ−1

γR−1 þ βδRð Þ−2
γ

h i
I t ¼ 1−γ

γ−ϵ
1þ gð Þ etð ÞσxRþ etR− etð Þσ− 1þ gð Þ etð Þσ

R


 �

with μ1, μ2, and μ3 being the share of discounted lifetime consumption It consumed in
each period in the time-consistent problem.
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Propositions 6 and 7 indicate that consumption decisions are made in two steps.
First, lifetime consumption is determined jointly with decisions with expenditures
on children because the expressions for Ic and It contain endogenous human capital.
The effect of hyperbolic discounting on lifetime consumption depends on parameter
values. Second, lifetime consumption is distributed to the three periods based on β,
δ, R, and γ, independent from children-related decisions or altruism towards
children.

The forms of α’s and μ’s indicate that in both problems, the steady-state consump-
tion share in period one is higher due to hyperbolic discounting and the consumption
share in the last period is lower. Furthermore, with hyperbolic discounting, the con-
sumption share in period 2 is lower in the commitment problem; it is also lower in the
time-consistent problem if β is sufficiently small (β < δ−1R−1 + γ). This condition can be
satisfied if δR ≈ 1. As expected, the extra hyperbolic discounting shifts consumption
earlier. This shift is more pronounced in the time-consistent problem following the
same logic that steady-state fertility is lower in the time-consistent problem. The effect
of hyperbolic discounting on bequests depends on parameter values. The proof and
solutions for fertility, bequests, and human capital are in the Appendix.

4 Conclusion and discussion

This paper incorporates hyperbolic discounting into a dynamic model with altruistic
parents, overlapping generations, and four life-periods for each generation. In our model,
the agent receives human capital investment in period zero, starts to work and save in
period one, makes fertility and human capital investment decisions in period two (period
zero for the child), starts to enjoy utility from children and leaves the bequest in period
three. Parent’s expenditure on children includes a fixed time cost per child, human capital
investment, and bequests. The agent can freely borrow and save at the market interest rate
and discounts future utilities using quasi-hyperbolic discounting. Steady-state results are
derived for fertility, human capital investment, bequests, and consumption. We separately
solve the commitment problem inwhich agentsmake all the decisions in period one and the
time-consistent problem in which agents make decisions in each period.

We find that the effects of hyperbolic discounting are qualitatively similar in the
commitment problem and the time-consistent problem. Because hyperbolic discounting
contributes to overall discounting, it diminishes the discounted utility from children and
decreases fertility. Through the quantity-quality trade-off, hyperbolic discounting leads
to higher investment in human capital. With hyperbolic discounting, the agent con-
sumes a larger share of total lifetime consumption when she is young. The effect of
hyperbolic discounting on bequests depends on the values of parameters.

The above theoretical results can be empirically tested. Wrede (2011), who derives
similar fertility results using a different model, tests the hypothesis with survey data.
Using time-inconsistent saving behavior as a proxy for hyperbolic discounting, he finds
the expected negative correlation between fertility and hyperbolic discounting. As
hyperbolic discounting measurements accumulate, the next step for future research is
to correlate direct measures of hyperbolic discounting with various outcomes. This
study’s predictions can be tested using aggregated data, such as the national hyperbolic
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discounting measures constructed by Wang et al. (2016); they can also be tested at the
individual-level using custom surveys. The steady-state results from this study match
well with the long-term outcomes observed in cross-sectional comparisons.

While qualitatively similar, hyperbolic discounting effects are more pronounced in
the time-consistent problem than the commitment problem. Specifically, the agent in
the time-consistent problem has fewer children, invests more in human capital, and
consumes a larger share of lifetime consumption earlier in life than the agent in the
commitment problem. The outcomes in the commitment and time-consistent problems
can be interpreted as intended and realized outcomes, respectively. Our results show
that realized fertility is lower than fertility intention due to hyperbolic discounting time
preference.

This preference-based discrepancy between intended and realized fertility has im-
portant empirical implications. First, in developed countries, realized fertility is lower
than fertility intention (Adsera 2006; Beaujouan and Berghammer 2019), which has
been attributed to various psychological and social factors (Bachrach and Morgan
2013). Without ruling out other explanations, this study offers a parsimonious alterna-
tive theory based on basic human behavior. Second, the empirical literature relies on
comparing intended and realized fertility to quantify the effects of fertility determinants.
For example, the influential study by Pritchett (1994) and the follow-up study by
Günther and Harttgen (2016) argue for the dominant role of fertility intention, as
opposed to contraception, in determining fertility. Their study’s underlying assumption
is that intended fertility and realized fertility should have a one-to-one relationship if
realized fertility is entirely driven by fertility demand. This assumption is not valid with
hyperbolic discounting. Another strand of the empirical literature (for example,
Thomson et al. 1990; Doepke and Tertilt 2018) studies how wives’ and husbands’
fertility intentions separately affect realized fertility. Lower-than-intended fertility due
to hyperbolic discounting would bias the results such that the spouse with lower fertility
desire appears to have more influence.

To keep the model tractable, we study a four-period model with fertility and human
capital investment decisions happening in the same period. Based on our results, we
can speculate the likely results from a five-period model with human capital investment
decisions after the fertility decision. In the commitment problem, hyperbolic
discounting happens once from the initial period to the next. In the time-consistent
problem, hyperbolic discounting happens once more when the agent takes action. In
both cases, the number of times that hyperbolic discounting happens is not affected by
the delay in human capital investment. Therefore, the delay in human capital invest-
ment likely will not qualitatively change the effects of hyperbolic discounting on
fertility and human capital investment.

Appendix

Appendix 1. The proof of Proposition 1

Proof. Let λ be the Lagrangian multiplier associated with the budget constraint.
Optimal consumption choices satisfy
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λ ¼ u
0
c1ð Þ ¼ βδRu

0
c2ð Þ ¼ βδ2R2u

0
c3ð Þ ð8Þ

The optimal human capital investment, fertility, and bequest conditions read

λn
R

¼ βδ2Φ nð Þ ∂V
c
1 e0; b0ð Þ
∂e0

λ
1þ gð Þh eð Þxþ e0

R
þ b0

R2


 �
¼ βδ2Φ0 nð ÞVc

1 e0; b0ð Þ
λn
R2 ¼ βδ2Φ nð Þ ∂V

c
1 e0; b0ð Þ
∂b0

From the Envelope Theorem (ET thereafter), we have

∂Vc
11 e; bð Þ
∂e

¼ λ 1þ 1þ gð Þ 1−nxð Þ
R


 �
h0 eð Þ

∂Vc
1 e; bð Þ
∂b

¼ λ

In the steady state, the equation above and the bequest condition decide fertility

βδ2R2 Φ ncð Þ
nc

¼ 1

Appendix 2. The proof of Proposition 2

We use backward induction to solve the time-consistent problem: first, Self 3
chooses c3 and b′ given e′, a3 and n; then, Self 2 chooses c2, n, e′, and a3
given a2; at last, Self 1 chooses c1 and a2 given e and b. The three problems
are described as follows.

Self 3 solves the following maximization problem:

Vt
3 e

0
; a3; n

� �
¼ max

c3;b0
u c3ð Þ þ Φ nð ÞVt

1 e
0
; b0

� �n o

subject to

c3 ¼ a3−nb0

The solutions to Self 1’s problem are denoted by c3 ¼ ct3 e
0
; a3; n

� 	
; b ¼ bt e

0
; a3; n

� 	
.

Self 2 solves the following maximization problem:

Vt
2 e; a2ð Þ ¼ max

c2;a3;n;e0
u c2ð Þ þ βδVt

3 e
0
; a3; n

� �n o
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subject to

c2 ¼ a2 þ 1þ gð Þh eð Þ 1−nxð Þ−ne0
−
a3
R

The solutions to Self 2’s problem are denoted by c2 ¼ ct2 e; a2ð Þ; a3 ¼ at3 e; a2ð Þ;
n ¼ nt e; a2ð Þ.

Self 1 solves the following maximization problem:

Vt
1 e; bð Þ ¼ maxc1;a2 u c1ð Þ þ βδVt

2 e; a2ð Þ� �
subject to

c1 ¼ h eð Þ þ b−
a2
R

The solution to Self 1’s problem is denoted by c1 ¼ ct1 e; bð Þ; a2 ¼ at2 e; bð Þ.
Self 3’s first-order condition (FOC thereafter) with respect to bequests is

u0 c3ð Þn ¼ Φ nð Þ ∂V
t
1 e0; b0ð Þ
∂b0

Self 3’s ET conditions are

∂Vt
3 e

0
; a3; n

� 	
∂e0 ¼ Φ nð Þ ∂V

t
1 e0; b0ð Þ
∂e0

∂Vt
3 e

0
; a3; n

� 	
∂a3

¼ u0 c3ð Þ
∂Vt

3 e
0
; a3; n

� 	
∂n

¼ −u
0
c3ð Þb0 þ Φ0 nð ÞVt

1 e0; b0ð Þ

Self 2’s FOCs with respect to e′, a3, n are

u0 c2ð Þn ¼ βδ
∂Vt

3 e
0
; a3; n

� 	
∂e0

u0 c2ð Þ
R

¼ βδ
∂Vt

3 e
0
; a3; n

� 	
∂a3

u
0
c2ð Þ 1þ gð Þh eð Þx ¼ ∂Vt

3 e
0
; a3; n

� 	
∂n

Self 2’s ET conditions are

∂Vt
2 e; a2ð Þ
∂e

¼ u
0
c2ð Þ 1þ gð Þh0 eð Þ 1−nxð Þ

∂Vt
2 e; a2ð Þ
∂a2

¼ u
0
c2ð Þ
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Self 1’s FOC with respect to a2 and ET conditions read

u
0
c1ð Þ
R

¼ βδ
∂Vt

2 e; a2ð Þ
∂a2

∂Vt
1 e; bð Þ
∂e

¼ u
0
c1ð Þh0

eð Þ þ βδ
∂Vt

2 e; a2ð Þ
∂e

∂Vt
1 e; bð Þ
∂b

¼ u
0
c1ð Þ

From the FOCs and ET conditions with respect to a2 and a3, we have the following
equation to describe consumption:

u
0
c1ð Þ ¼ βδRu

0
c2ð Þ ¼ βδRð Þ2u0

c3ð Þ ð9Þ

In the steady state, we also have

u
0
c3ð Þn ¼ Φ nð Þ ∂V

t
1 e; bð Þ
∂b

¼ Φ nð Þu0
c1ð Þ

Combining the two equations above to eliminate consumption, we have

βδRð Þ2 Φ ntð Þ
nt

¼ 1

Appendix 3. The proof of Proposition 3

In the commitment problem, combining the FOC and ET conditions with respect to
human capital from A1 and using the fact that Vc

1 e; bð Þ ¼ Vc
1 e0; b0ð Þ in the steady state,

we have

βδ2Φ nð Þ 1þ 1þ gð Þ 1−nxð Þ
R2


 �
h0 eð Þ ¼ n

R

Rearranging the equation and using the result of Proposition 1, we have

1

R
þ 1þ gð Þ 1−ncxð Þ

R2


 �
h0 ecð Þ ¼ 1

In the time-consistent problem, combining Self 2’s FOC and all three ET conditions
with respect to education,

u
0
c2ð Þ ¼ βδΦ nð Þ u

0
c1ð Þh0

eð Þ þ βδu
0
c2ð Þ 1þ gð Þh0 eð Þ 1−nxð Þ

h i
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Plugging Eq. (8) into the equation above to eliminate consumption and using the result
of Proposition 2, we have

1

R
þ 1þ gð Þ 1−ntxð Þ

R2


 �
h0 etð Þ ¼ 1

Appendix 4. The proof of Proposition 4

In both the commitment problem and the time-consistent problem, a reduction in β will
lead to an increase in Φ(n)/n, and therefore will reduce n because Φ(n) is strictly
increasing and concave. Hyperbolic discounting means that β < 1. So, the existence
of hyperbolic discounting will reduce fertility in the steady states of both problems.
From Eq. (7), we can see a negative relationship between fertility and human capital.
Consequently, the existence of hyperbolic discounting will increase the steady-state
human capital in both problems.

Dividing Eq. (6) by Eq. (5), we have

β
Φ ntð Þ
nt

¼ Φ ncð Þ
nc

⇒
Φ ntð Þ
nt

>
Φ ncð Þ
nc

⇒nt < nc

Combining Eq. (7) with the inequality above, we have

nt < nc⇒1−nt > 1−nc⇒h
0
etð Þ < h

0
ecð Þ⇒et > ec

When β = 1, we have an exponential discounting problem with solutions ne and ee

satisfying δ2R2 Φ neð Þ
ne ¼ 1 and 1

R þ 1þ gð Þ� 1−nexð Þ
R2� h0 eeð Þ ¼ 1. So, we have

β
Φ ncð Þ
nc

¼ Φ neð Þ
ne

⇒
Φ ncð Þ
nc

>
Φ neð Þ
ne

⇒nc < ne

Similarly, we have ec > ee.

Appendix 5. The proof of Proposition 5

From Appendix 4, we have β Φ ntð Þ
nt ¼ Φ ncð Þ

nc . Plugging Φ nð Þ ¼ n1−ϵ
1−ϵ into the equation, we

have nt ¼ ncβ
1
ϵ which can be used to estimate β

1
ϵ as a whole coefficient with nt and nc.

Taking logs on both sides, we have log ntð Þ ¼ log ncð Þ þ 1
ϵ log βð Þ which can be used to

estimate β with nt, nc, and ϵ, or be used to estimate ϵ with nt, nc, and β.

Appendix 6. The proof of Proposition 6

Define θ cð Þ ¼ u
0
cð Þc

u cð Þ ; θ nð Þ ¼ Φ
0
nð Þn

Φ nð Þ . From Eq. (8) and the budget constraint (4), the

steady-state consumption in three periods in the commitment problem can be expressed
as
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cc1 ¼ α1Ic; cc2 ¼ α2Ic; cc3 ¼ α3Ic ð10Þ

where α1, α2, α3 are defined as in Proposition 6. Ic ¼ cc1 þ cc2
R þ cc3

R2 . We need to show

the specific form of Ic. For simplicity, I will not show the superscript “c” until the end
of the proof. Substituting the three equations above into Eq. (1), the maximization
problem becomes

V1 e; bð Þ ¼ maxc1;n;e0 ;b0 α1ð Þ−γ I
1−γ

1−γ
þ βδ2Φ nð ÞV1 e0; b0ð Þ

 �

¼ maxc1;n;e0 ;b0
u c1ð Þ
α1

þ βδ2Φ nð ÞV1 e0; b0ð Þ
 �

ð11Þ

We have three new FOCs, which are given as follows:

∂V1 e; bð Þ
∂b

¼ u
0
c1ð Þ

u
0
c1ð Þ n

R2 ¼ βδ2Φ nð Þ ∂V1 e0; b0ð Þ
∂b0

u
0
c1ð Þ 1þ gð Þh eð Þxþ e0

R
þ b0

R2

� �
¼ βδ2Φ0 nð ÞV1 e0; b0ð Þ

From the first two FOCs, we have

u
0
c1ð Þ ¼ βδ2R2 Φ nð Þ

n
u

0
c
0
1

� �

From the third FOC, we have

Φ nð ÞV1 e0; b0ð Þ ¼ u
0
c1ð Þ 1þ gð Þh eð Þxþ e0

R
þ b0

R2

� �
Φ nð Þ

βδ2Φ0 nð Þ

Rearranging the equation above with the definition of θ(c) and θ(n),

Φ nð ÞV1 e0; b0ð Þ ¼ u c1ð Þ
c1

1þ gð Þh eð Þnxþ ne0

R
þ nb0

R2

� �
θ c1ð Þ

βδ2θ nð Þ

Using Eq. (10) to rewrite the budget constraint (4),

c1
α1

¼ c1 þ c2
R
þ c3

R2 ¼ h eð Þ þ bþ 1þ gð Þh eð Þ
R


 �
−

1þ gð Þh eð Þnxþ ne0

R
þ nb0

R2


 �
ð12Þ

Combining the two equations above, we have

Φ nð ÞV1 e0; b0ð Þ ¼ u c1ð Þ
c1

h eð Þ þ bþ 1þ gð Þh eð Þ
R

−
c1
α1

� �
θ c1ð Þ

βδ2θ nð Þ ð13Þ
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Rewriting the third FOC to the previous period and using the fact that it’s in
steady state, we have

V1 e; bð Þ ¼ u0 c1ð Þ
βδ2Φ0 nð Þ

1þ gð Þh eð Þxþ e
R

þ b
R2

� �
¼ R2u0 c1ð Þ

θ nð Þ
1þ gð Þh eð Þxþ e

R
þ b

R2

� �

ð14Þ

Rewriting the equation above, we have

V1 e; bð Þ ¼ θ c1ð Þ
θ nð Þ 1þ gð Þh eð Þxþ eRþ b½ � u c1ð Þ

c1
ð15Þ

Substituting (14) and (15) into (11), we can get the expression for c1 in the
steady state,

cc1 ¼ α1
θ cc1
� 	

θ ncð Þ−θ cc1
� 	 1þ gð Þh ecð ÞxRþ ecR−h ecð Þ− 1þ gð Þh ecð Þ

R


 �
ð16Þ

Combining (12) and (16), we have the steady-state bequest expression

bc ¼ R2

R2−nc
1þ gð Þh ecð ÞxRþ ecR½ � θ cc1

� 	
θ ncð Þ−θ cc1

� 	 þ 1

R2

 !
−

θ ncð Þ
θ ncð Þ−θ cc1

� 	 h ecð Þ þ 1þ gð Þh ecð Þ
R


 �( )

ð17Þ

We can see that it is the elasticities of the utility and altruism functions that
matter. If utility and altruism functions show constant elasticities of substitu-
tion, their specific function forms will not influence the consumption and
bequests in the steady state.

Plugging the specific functions into (16) and (17), we can get the specific form of Ic

and an equation in which bequests are determined.

Appendix 7. The proof of Proposition 7

From Eq. (21) and the budget constraint,

ct1 ¼ μ1I
t; ct2 ¼ μ2I

t; ct3 ¼ μ3I
t ð18Þ

where μ1, μ2, μ3 are defined as in Proposition 7. I t ¼ ct1 þ ct2
R þ ct3

R2 . The rest of the proof

is similar to that of Proposition 6.
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